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GARCH models

properties;
estimation;
tests of goodness-of-fit;
tests of serial independence;
continuous time approximations.

Option pricing and hedging.

Modeling of several time series.
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Black-Scholes model

Black-Scholes model assumes that the daily log-returns Xi = ln(Si/Si−1)
are modeled by

Xi = µ+ σεi , i ≥ 1, (1)

where the (εi )i>r are independent standard Gaussian.

Not adequate in practice.

Main problems:

not Gaussian;

not independent;

standard deviation (volatility) changes over time.

For more details see Rémillard (2013, Chapter 1).
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Test of serial independence (Genest and Rémillard, 2004)

For all A ∈ Ap = {B ⊂ {1, . . . , p}; B 3 1, |B| > 1}, we can define
nonparametric Cramér-von Mises statistics Tn,A that converge jointly in
law, under the null hypothesis of serial independence, to independent
random variables TA.

Because these statistics are based on ranks, they are distribution-free, i.e.,
they do not depend on the underlying distribution of the observations.

Therefore tables of quantiles and also P-values can be easily computed via
Monte Carlo methods.
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Test statistics

Suppose X1, . . . ,Xn are identically distributed observations.

Following Genest and Rémillard (2004), if p ≥ 2, for any
A ∈ Ap = {B ⊂ {1, . . . , p}; |B| > 1,B 3 1}, set

Gn,A(x) =
1√
n

n∑
i=1

∏
j∈A
{I(Xi+j−1 ≤ xj)−Fn(xj)}, x = (x1, . . . , xp) ∈ Rp,

where |A| is the cardinality of A, and Fn(y) = 1
n

∑n
i=1 I(Xi ≤ y), y ∈ R, is

the empirical distribution function estimating the unknown common
distribution of X1, . . . ,Xn.

Here we set Xn+i = Xi , for all i ∈ {1, . . . , p}.
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It is shown in Genest and Rémillard (2004) that under the null hypothesis,
the Cramér-von Mises statistics

Tn,A =
6|A|

n

n∑
i=1

G2
n,A(Xi , . . . ,Xi+p−1) (2)

converge jointly in law to TA and the latter are independent.

Moreover, if |A| = k, the TA has the same law as

Tk =
6k

π2k

∞∑
i1=1

· · ·
∞∑

ik=1

Z 2
i1,...,ik

(i1 · · · ik)2
, (3)

where the random variables Zi1,...,ik are i.i.d. standard Gaussian.

It follows that E (TA) = 1, for all A ∈ Ap.
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Computing P-values

Using (3), tables for the distribution of TA can be constructed since they
are distribution-free.

One can also compute P-values for the statistics, using the following
algorithm.

Algorithm

For N large (say N = 1000), repeat the following steps for each
k ∈ {1, . . . ,N}:

Generate independent uniform random variables U
(k)
1 , . . . ,U

(k)
n ;

Compute the associated statistics T
(k)
n,A, A ∈ Ap, using formula (2).

Then one can approximate the P-value of Tn,A by

pn,A =
1

N

k∑
k=1

I
(

T
(k)
n,A > Tn,A

)
, A ∈ Ap.
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Dependogram

Denoting by pn,A the associated P-values, one can then construct a
dependogram, i.e., a graph of the P-values pn,A of Tn,A, for all A ∈ Ap.
P-values below the dashed horizontal line at 5% suggest dependence for
the given indices.

An example of a dependogram, obtained by using the Matlab function
SerIndGRTest1 with the returns of Apple, is given in Figure 9.

The returns of Apple from January 14th, 2009, to January 14th, 2011, are
in the data set ApplePrices, available in Chapter 1 of the book.

1Chapter 3 of the book.
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Figure 1: Dependogram of the P-values for the returns of Apple, computed with
N = 1000 replications and p = 6.
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Fisher statistic

One can also define a powerful test of serial independence by combining
the P-values of the test statistics Tn,A, as proposed in Genest and
Rémillard (2004).

More precisely, set

Fn,p = −2
∑
A⊂Ap

ln(pn,A).

Under the null hypothesis of serial independence, the P-values pn,A

converge to independent uniform variables, so Fn,p  Fp, where Fp has a
chi-square distribution with 2p − 2 degrees of freedom.

This test is also implemented in SerIndGRTest.

() SSC Worskop June 2, 2015 10 / 167



Example

Using the Matlab function SerIndGRTest with the returns of Apple, we
obtain a P-value of 1.6% for p = 2, and a P-value of 0% for p = 6.

Both tests lead to the rejection of the null hypothesis of serial
independence for the returns of Apple, during the period 2009–2011.

One may conclude that the serial independence assumption implied by the
Black-Scholes model is not met.

The fact that we reject the null hypothesis using only the pairs (Xi ,Xi+1)
indicates a significant serial dependence.

Using the Ljung-Box test with the same amount of information (5 lags),
we get a P-value of 21.9%, and the first autocorrelation is not significant.

Even by considering the 20 first lags, we do not reject the null hypothesis,
the P-value being 5.8%. This is another indication of the lack of power of
the Ljung-Box test for detecting serial dependance.
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GARCH models2

One way to introduce serial dependence and also eliminate the problem of
constant volatility in the the Black-Scholes model is to assume that the
daily log-returns Xi = ln(Si/Si−1) are given by

Xi = µi + σiεi , i > r , (4)

for some integer r ≥ 1, where µi and σi depend on
Fi−1 = σ{Hi ,X1, . . . ,Xi−1}, where Hi is a random vector containing
possibly exogenous variables.

In addition, the innovations (εi )i>r are independent and identically
distributed with mean zero and variance one.

Moreover, εi is independent of Fi−1, for all i > r .

2Mainly based on Chapter 7 of the book.
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ARCH

A particular class of processes having representation (4) with non-constant
σi is the class of Auto-Regressive Conditional Heteroscedasticity models
(ARCH for short), introduced by Engle (1982).

In ARCH models, the conditional variance σ2
i depends on lagged values of

(Xi − µi )2.

Then Bollerslev (1986) generalized Engle’s ideas to GARCH processes. In
these models, σi depends also on its own past values, and the conditional
distribution of Xi given Fi−1 is Gaussian, with mean µi and variance σ2

i ,
i.e., the innovations are Gaussian. In particular

E
{

(Xi − µi )2|Fi−1

}
= σ2

i .
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In many cases, µi can be modeled by an autoregressive (AR) model of the
form

µi = µ+
P∑
j=1

φj(Xi−j − µ).

We could also add a linear combination of exogenous variables.

Models having representation (4) appear naturally when one approximates
diffusion processes.
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Distribution of innovations

One can also choose other distributions than the Gaussian distribution for
the law of the innovations.

However, the (standardized) Student is not a good choice for financial
engineering applications since its moment generating function does not
exist.

If the innovations had a Student distribution under an equivalent
martingale measure, the value of a call option would then be infinite!
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Ergodicity and long term behavior

In general, we would like to have conditions on the process σ so that the
volatility σn forgets its initial values and becomes stationary and that
E
(
σ2
n

)
converges to some positive constant as n tends to infinity.

These properties are needed for estimation purposes since the process σ is
not observable.
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GARCH(1,1)

For this model, r = 1, H = σ1, µi = µ and

σ2
i = ω + α(Xi−1 − µ)2 + βσ2

i−1 = ω + σ2
i−1

(
αε2

i−1 + β
)
, i ≥ 2,

where ω > 0, α ≥ 0, and β ≥ 0. Note that we obtain an ARCH(1) model
by setting β = 0.

When dealing with daily returns, it is often assumed for simplicity that
µ = 0.

However, estimating µ poses no additional difficulty and omitting it can
lead to incorrect inference.
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The Matlab function DemoGARCH illustrates the behavior of two
GARCH(1,1) trajectories (x , σ) and (y , v) starting from different points
(x1, σ1) and (y1, v1).

From Figure 2, we see that it does not take long before the effect of the
starting points vanishes for the returns (x , y) and the volatilities (σ, v).
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Figure 2: Graphs of the prices, returns, and volatilities for a GARCH(1,1) model
starting from different points. Here x1 = 0, y1 = 0.01, σ1 = 0 and v1 = 0.1.
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Asymptotic behavior of E
(
σ2

n

)
To see under what conditions the expectation of σ2

n stabilizes, we compute
its expectation:

E
(
σ2
n

)
= ω + αE

[
E
{

Xn−2 − µ)2|Fn−1

}]
+ βE (σ2

n−1)

= ω + (α + β)E (σ2
n−1)

= ω

{
1− (1− κ)n−1

κ

}
+ (1− κ)n−1σ2

1,

where κ = 1− α− β.

Hence a necessary and sufficient condition for the expectation E
(
σ2
n

)
to

stabilize as n→∞ is that κ > 0. In this case, we have

lim
n→∞

E
(
σ2
n

)
=
ω

κ
.
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Note also that (xi , σi+1)i≥0 is a Markov process. Under the condition
κ > 0, the series σ admits a stationary distribution.

See Bougerol and Picard (1992) for conditions of stationarity of general
Markov chains.

In general, the conditions for stationarity are weaker than those for the
existence of the limiting moments.
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To see under what conditions the volatilities forget their initial starting
values, consider two trajectories σ, v starting from σ1 and v1 and
constructed from the same innovations process ε. It follows that

|σ2
n+1 − v 2

n+1| = |σ2
n − v 2

n |
(
αε2

n + β
)
,

so

|σ2
n+1 − v 2

n+1| = |σ2
1 − v 2

1 |
n∏

k=1

(
αε2

k + β
)
.

Whenever E
{

ln
(
αε2

k + β
)}

< 0, the righthand side of the last expression
converges to 0, meaning that the volatility process forgets its initial value.

This follows from the law of large numbers applied to the sequence
ln
(
αε2

k + β
)
, k ≥ 1.

() SSC Worskop June 2, 2015 22 / 167



In fact, by the strong law of large numbers,
1
n

∑n
k=1 ln

(
αε2

k + β
)
→ E

{
ln
(
αε2

k + β
)}

< 0.

This implies that for some a > 0,
∑n

k=1 ln
(
αε2

k + β
)
< −na for almost all

n ≥ 1, yielding that
∏n

k=1

(
αε2

k + β
)
< e−na for almost all n ≥ 1.

By Jensen’s inequality, since the log function is concave, we have

E
{

ln
(
αε2

k + β
)}
≤ ln E

(
αε2

k + β
)

= ln(1− κ).

Hence, the condition κ > 0, needed for the finiteness of the first moment,
is stronger than the stationarity condition E

{
ln
(
αε2

k + β
)}

< 0.
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GARCH(p,q)

An immediate extension of the GARCH(1,1) model is to consider more
lags for X and σ. In this case, r = max(p, q), H = (σ1, . . . σr ), µi = µ and

σ2
i = ω +

p∑
k=1

βkσ
2
i−k +

q∑
j=1

αj(Xi−j − µ)2, i > r ,

where ω > 0 and αj , βj ≥ 0, j ∈ {1, . . . , r}. It follows that

E
(
σ2
i

)
= ω +

r∑
j=1

λjE
(
σ2
i−j
)
,

where λj = αj + βj , with αj = 0 if j > q, and βj = 0 whenever j > p.
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The asymptotic behavior of E
(
σ2
n

)
is given in the next proposition.

It was shown in part in Bollerslev (1986), where the author also studied
conditions on the limit of higher moments of the process σ.

Proposition

Set κ = 1−
∑max(p,q)

j=1 λj . Then

lim
n→∞

E
(
σ2
n

)
=

{
ω/κ, if κ > 0;
+∞, if κ ≤ 0.
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EGARCH

These models, introduced in Nelson (1991), are such that r = 1, H = σ1,
and

ln
(
σ2
i

)
= ω + α {|εi−1| − E (|εi−1|)}+ γεi−1 + β ln(σ2

i−1),

i ≥ 2.

One can also define EGARCH(p, q) models.

Note that E{ln
(
σ2
n

)
} converges to a finite limit if and only if |β| < 1, in

which case the limit is ω/(1− β).
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NGARCH

Introduced in Engle and Ng (1993) to model an asymmetric behavior in
the volatility depending on the values of the innovations, these models are
such that r = 1, H = σ1, µi = µ+ λσi − σ2

i /2 and

σ2
i = ω + α(εi−1 − θ)2σ2

i−1 + βσ2
i−1, i ≥ 2,

with ω > 0, α, β ≥ 0.

It can be shown that E
(
σ2
n

)
converges if and only if

1− κ = α(1 + θ2) + β < 1.

If κ > 0, then the limit of E
(
σ2
n

)
is ω/κ.
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GJR-GARCH

These models, proposed by Glosten et al. (1993) at the same moment as
the NGARCH, were motivated almost the same way, i.e., to account for a
different behavior of the volatility whenever the innovations are positive or
negative. Here r = 1, H = σ1, and

σ2
i = ω + ασ2

i−1ε
2
i−1 + βσ2

i−1 + γσ2
i−1{max(0,−εi−1)}2, i ≥ 2.

It can be shown that E
(
σ2
n

)
converges if and only if

κ = 1− α− β − γ/2 > 0.

If κ > 0, then the limit of E
(
σ2
n

)
is ω/κ.

() SSC Worskop June 2, 2015 28 / 167



Augmented GARCH

In Duan (1997), the author introduced a family of models called
Augmented GARCH.

This family contains all the models described previously.

Here we assume that αi ≥ 0 for i ∈ {0, . . . , 5}.

Note that Duan did no longer assume that εi ∼ N(0, 1), only that the
common distribution of εi have mean 0 and variance 1.
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To describe his model, set fδ(x) =

{
xδ−1
δ if δ > 0

ln(x) if δ = 0
.

Then f −1
δ (x) =

{
(δx + 1)1/δ if δ > 0
ex if δ = 0

. The volatility process σ is

defined by
σ2
i = f −1

λ (φi − 1), i ≥ 2,

where

ξ1,i = α1 + α2|εi − c |δ + a3(max(0, c − εi ))δ,

ξ2,i = α4fδ(|εi − c |) + a5fδ(max(0, c − εi )),

φi = α0 + φi−1ξ1,i−1 + ξ2,i−1.

The series is (strictly) stationary if E {ln(ξ1,i )} < 0 and
E {max (ln ξ2,i , 0)} <∞.

Note that E (ln ξ1,i ) < 0 if E (ξ1,i ) < 1, by Jensen’s inequality.
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Estimation of parameters

Suppose that the conditional mean µi and the conditional variance σ2
i

depend on a (multidimensional) parameter θ.

First, when the innovations are Gaussian, the conditional log-likelihood L
of Xr+1, . . . ,Xn, given Fr satisfies

− 2L = (n − r) ln(2π) +
n∑

i=r+1

(xi − µi )2

σ2
i

+
n∑

i=r+1

ln
(
σ2
i

)
, (5)

using the multiplication formula.

Then one can use known results to show that the maximum likelihood
estimators for θ converge and find the asymptotic errors of estimation.
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Quasi-maximum likelihood estimators

Often, even if the innovations are not Gaussian, the estimation of the
parameters is done by minimizing (5).

In that case, one talks about quasi-maximum likelihood estimators
(QMLE).

In most interesting cases, these estimators have also properties similar to
those of the maximum likelihood estimators, but their error of estimation
is larger in general.

See, e.g., Francq and Zaköıan (2010) for its use in a GARCH context.

We will come back to that methodology later, where the error of
estimation is discussed.
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The Matlab function garchfit in the Econometrics Toolbox can be used to
estimate parameters using the maximum likelihood methodology for
ARMAX models for the conditional mean process µi and GARCH,
EGARCH, and GJR-GARCH models for the conditional variance, while the
innovations are assumed Gaussian or Student.

Note that in the case of innovations with density fθ, the function to
minimize is

L(θ) = −
n∑

i=r+1

ln

{
fθ

(
xi − µi
σi

)}
+

n∑
i=r+1

ln(σi ).

() SSC Worskop June 2, 2015 33 / 167



Computing the volatility process σ

To be able to compute σi for i > r , we need values for σ1, . . . , σr .

Note that these values should not matter if the stationarity conditions are
met since in this case the process forgets its initial values.

Often, they are replaced by average values.

As a first approximation, the average is approximated by√
1
n

∑n
i=1 (xi − µ̂i )2, while on a second approximation, one uses the

relationship between E
(
σ2
i

)
and its previous values.
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Application for GARCH(p,q) models

Consider the model xi = µ+ εiσi , where

σ2
i = ω +

p∑
j=1

βjσ
2
i−j +

q∑
j=1

αj(xi−j − µ)2, i > r = max(p, q),

with ω > 0 and αi ≥ 0, βi ≥ 0 and
∑p

j=1 βj +
∑q

j=1 αj < 1. Here
θ = (µ, ω, β1, . . . , βp, α1, . . . , αq).

The coefficients β1, . . . , βp are called the GARCH coefficients, while
α1, . . . , αq are the ARCH coefficients.
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Volatility process

In practice, once the parameters are estimated, one can compute the
residuals ei = (yi − µ̂) /σ̂i , where

σ̂2
i = ω̂ +


p∑

j=1

β̂j +

q∑
j=1

α̂j

 s2, i ∈ {1, . . . , r}, (6)

with s2 = 1
n

∑n
i=1 (xi − µ̂)2, while

σ̂2
i = ω̂ +

p∑
j=1

β̂j σ̂
2
i−j +

q∑
j=1

α̂j (xi−j − µ̂)2 , i > r .

Note that the computation of the initial values with equation (6) is the
approach taken in both Matlab and R3.

3Be careful in R because the orders of the GARCH are reversed. A real
GARCH(2,1) becomes a GARCH(1,2) in R.

() SSC Worskop June 2, 2015 36 / 167



Recursive equations

If one wants to implement a more precise numerical method by using the
gradient instead of its approximation, it would have to be computed
recursively, using the following relations, implemented in the Matlab
function EstGARCHGaussian:

∂µσ
2
i = −2

q∑
j=1

αj(xi−j − µ) +

p∑
j=1

βj∂µσ
2
i−j ,

∂ωσ
2
i = 1 +

p∑
j=1

βj∂ωσ
2
i−j ,

∂αk
σ2
i = (xi−k − µ)2 +

p∑
j=1

βj∂αk
σ2
i−j , k ∈ {1, . . . , q},

∂βkσ
2
i = σ2

i−k +

p∑
j=1

βj∂βkσ
2
i−j , k ∈ {1, . . . , p}.
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Tests on the coefficients

Suppose one wants to test H0 : θ ∈ Θ0 vs H1 : θ ∈ Θ1, where Θ0 is a
subset of Θ1 obtained by setting k parameters to 0.

Then, one can use a likelihood ratio test based on the statistic

LR = 2L(θ̂n,1)− 2L(θ̂n,0),

where θ̂n,i is the estimator obtained under Hi , i = 0, 1.

Under H0, the asymptotic distribution of the statistic is a chi-square with
k degrees of freedom.

For example, for a GARCH(1,1) model, one could take
Θ1 = {(ω, α, β);α + β < 1} and Θ0 = {(ω, α, 0);α < 1}, so k = 1. Then
under H0, the assumed model is a ARCH(1) process.

One could also assume that under H0, the model is a GARCH(1,1), while
under H1, the model is a GARCH(2,2). In this case, k = 2.
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Residuals

Let θ̂ be the estimator of θ and set µ̂i = µi

(
θ̂n

)
and σ̂i = σi

(
θ̂n

)
. Then,

for each i ∈ {1, . . . , n}, define the pseudo-observation

ei =
xi − µ̂i
σ̂i

,

which is an estimation of the non-observable innovation εi .

These pseudo-observations can then be used to assess the fit of the model.
However, one must be very careful with test statistics based on the
pseudo-observations, since they do not behave like independent
observations.

In fact, the asymptotic behavior of the empirical distribution function
constructed from the pseudo-observations is quite complicated. See, e.g.,
Bai (2003).
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Goodness-of-fit

To check if the innovations are Gaussian, a valid test of goodness-of-fit
has been proposed by Bai (2003).

It is based on the Khmaladze transform.

It uses also the pseudo-observations and the limiting distribution of the
test statistics has the advantage of not depending on the estimated
parameters of the conditional mean and variance.

In fact, the Khmaladze transform takes the empirical distribution of the
pseudo-observations and maps it to a process W that is asymptotically a
Brownian motion, under the null hypothesis.

The details of the implementation are given next.
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Khmaladze transform

Let ei = xi−µ̂i
σ̂i

, i ∈ {1, . . . , n}, be the pseudo-observations associated with
an ARMA-GARCH(p,q) model.

Set ui = N (ei ), i ∈ {1, . . . , n}, and denote by v1, . . . , vn the associated
order statistics. Further set v0 = 0 and vn+1 = 1.

According to Bai (2003), set ġ(s) =
(

1,−N−1(s), 1−
{
N−1(s)

}2
)>

,

and define

C (s) =

∫ 1

s
ġ(t)ġ>(t)dt, s ∈ (0, 1).

Then one can easily see that if a = N−1(s) and x = N ′(a) = e−a2/2
√

2π
, then,

for any s ∈ (0, 1),

C (s) =

 1− s −x −ax
−x 1− s + ax x(1 + a2)
−ax x(1 + a2) 2(1− s) + ax(1 + a2)
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Setting Vn(s) = 1√
n

∑n
i=1{I(vi ≤ s)− s}, the Khmaladze transform of Vn

is defined by

Wn(s) = Vn(s)−
∫ s

0

{
ġ>(t)C−1(t)

∫ 1

t
ġ(τ)dVn(τ)

}
dt, s ∈ [0, 1).

Under the null hypothesis that the innovations εi are Gaussian (with mean
0 and variance 1), Wn is approximately a Brownian motion.

One can check that if Dk =
∑n

j=k ġ(vj), then for any j ∈ {1, . . . , n},

Wn(vj) =
1√
n

j −
j∑

k=1

{∫ vk

vk−1

C−1(t)ġ(t)dt

}>
Dk

 .
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Implementation issues

In Bai (2003), the author proposed to approximate C (vj) by

n∑
k=j

(vk+1 − vk)ġ(vk)ġ>(vk). (7)

This creates numerical instabilities for values of j near n, since C has to be
invertible.

Luckily, for Gaussian innovations, we can compute C exactly, so there is
no need to use (7).
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However, one cannot compute
∫ vk
vk−1

C−1(t)ġ(t)dt. Bai (2003) suggested

to approximate it by

C−1(vk−1)

∫ vk

vk−1

ġ(t)dt = C−1(vk) {g(vk)− g(vk−1)} .

This also creates numerical instability for values of k near n.
Another solution is to use the midpoint quadrature, i.e.,∫ vk

vk−1

C−1(t)ġ(t)dt

≈ (vk − vk−1)C−1

(
vk−1 + vk

2

)
ġ

(
vk−1 + vk

2

)
.
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Test statistics

Two tests are proposed: the usual Kolmogorov-Smirnov test, and the
Cramér-von Mises test.

They are both implemented in the Matlab function GofGARCHGaussian.

The Kolmogorov-Smirnov statistic is defined by

KS = max
j∈{1,...,n}

|Wn(vj)|,

and the Cramér-von Mises statistic is defined by

CVM =
1

n

n∑
j=1

W 2
n (vj)(vj+1 − vj).

The distribution of these two statistics is well-known.
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In fact, the distribution function F of the KS statistic is

F (x) =
4

π

∞∑
k=1

(−1)k

2k + 1
e−(2k+1)2π2/(8x2). (8)

In particular, the quantiles of order 90%, 95%, and 99% are 1.96, 2.241,
and 2.807 (Shorack and Wellner, 1986, p. 36).

For the Cramér-von Mises statistic, the distribution is the same as the
distribution of

4

π2

∞∑
k=1

Z 2
k

(2k − 1)2
, (9)

where Z1,Z2, . . . are independent and identically distributed standard
Gaussian variables.

The quantiles of order 90%, 95%, and 99% are 1.2, 1.657, and 2.8
(Shorack and Wellner, 1986, Table 1, p. 748).

For a comparison of goodness-of-fit test for GARCH models, see, e.g.,
Ghoudi and Rémillard (2012).
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Example

We used the Matlab function EstGARCHGaussian to estimate the
parameters of a GARCH model for the data set DataGARCH, consisting of
250 simulated returns from a GARCH(1,1) model with parameters
µ = −0.004, ω = 0.005, β = 0.3, and α = 0.6, and Gaussian innovations.

Table 1: 95% confidence intervals for the maximum likelihood estimation of the
parameters of a GARCH(1,1) model, using the simulated data set DataGARCH.

Parameter True Value Confidence Interval

µ −0.004 −0.0095 ± 0.0162
ω 0.005 0.0044 ± 0.0032
β 0.300 0.3892 ± 0.2271
α 0.600 0.5200 ± 0.2811
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We see from Table 1 that the true values of the parameters are all within
the 95% confidence intervals and that the precision of the estimations is
satisfactory.

Using the goodness-of-fit test based on the Khmaladze transform, we
obtain that the statistic is 0.7203 for the Kolmogorov-Smirnov test,
yielding a P-value larger than 10% since the 90% quantile is 1.960, while
the Cramér-von Mises statistic is 0.1501, with a P-value larger than 10%,
since the 90% quantile is 1.2.

Therefore, for both tests, we do not reject the null hypothesis that the
innovations are Gaussian.

The fact that we do not reject the hypothesis of normality for the
Kolmogorov-Smirnov test at the 5% level is illustrated in Figure 3, since
the trajectory of the process W lies entirely with the 95% confidence band
about a Brownian path given by ±2.241.

() SSC Worskop June 2, 2015 48 / 167



0 0.2 0.4 0.6 0.8 1
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5
Process trajectory and uniform 95% confidence band for Brownian motion

Figure 3: Trajectory of the process W for the innovations of a GARCH(1,1)
model and uniform 95% confidence band for a Brownian motion path.
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Example

Using the data from Apple (ApplePrices) and the Matlab function
EstGARCHGaussian for fitting a GARCH(1,1) model on the returns of
Apple, both goodness-of-fit tests reject at the 5% the null hypothesis of
the normality for the innovations.

In fact, it is rejected for all GARCH(p,q) models with p, q ∈ {1, . . . , 5}.

Just as an illustration, the estimated parameters of the GARCH(1,1)
model are given in Table 2, while in Figure 4, we display the trajectory of
the process W together with the 95% confidence band for the Brownian
motion.
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Table 2: 95% confidence intervals for the maximum likelihood estimation of the
parameters of a GARCH(1,1) model, using the data set ApplePrices.

Parameter Confidence Interval

µ 0.0032± 0.0015
104ω 0.1356± 0.1009
β 0.8700± 0.0672
α 0.0881± 0.0466
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Figure 4: Trajectory of the process W for the innovations of a GARCH(1,1)
model for the returns of Apple and uniform 95% confidence band for a Brownian
motion path.
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Estimation and goodness-of-fit when the innovations are
not Gaussian

Consider a GARCH(1,1) model with GED innovations, i.e., Xi = µ+ σiεi ,
where σ2

i = ω + ασ2
i−1ε

2
i−1 + βσ2

i−1, and εi have a generalized error
distribution (GED) with parameter ν > 0, i.e., the density is

fν(x) =
1

bν21+ 1
ν Γ(1 + 1

ν )
e
− 1

2

(
|x|
bν

)ν
, x ∈ R,

where bν = 2−
1
ν

√
Γ( 1

ν )
Γ( 3

ν )
.

Denote the associated distribution function by Gν .

Note that the case ν = 2 corresponds to the Gaussian distribution and

that the kurtosis γ2 is
Γ( 1

ν )Γ( 5
ν )

Γ2( 3
ν )

.
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Implementing Khmaladze transform for Gaussian innovations is easy, while
implementing it for GED innovations is difficult.

However, using the pseudo-observations un,i = Gν̂(ei ), i ∈ {1, . . . , n}, the
parametric bootstrap approach is always easy to implement for tests based
on the empirical distribution function

Dn(u) =
1

n

n∑
i=1

I(un,i ≤ u), u ∈ [0, 1].

The latter should be close to the uniform distribution function D(u) = u,
for u ∈ [0, 1], under the null hypothesis that the innovations are GED.

Basically, to estimate P-values, one has to generate GARCH trajectories
from the estimated parameters, re-estimate the parameters at each
iteration. This is time consuming.

See, e.g., Rémillard (2011) and Ghoudi and Rémillard (2012).
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Parametric bootstrap

From the Matlab function GOFGARCGED:

for k=1:N

xnew = SimGARCHGED(mu,omega,garchcoef,archcoef,nu,x0,h0,n);

[paramn,innovationsn,sigman,resn] = EstGARCHGED(xnew,p,q);

Un = sort(GEDCdf(resn,paramn.Shape));

[hh,pp,ss] = kstest(norminv(Un));

KnB(k) = sqrt(n)*ss;

sn0 = (Un-t)’*(Un-t);

SnB(k) = sn0 +1/(12*n);

end

CVMPvalue = 100*mean(SnB>CVM);

KSPvalue = 100*mean(KnB>KS);

KS95 = quantile(KnB,0.95);
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Example

For the returns of Apple, the results of the estimation obtained with the
Matlab function EstGARCHGED are given in Table 3.

Table 3: 95% confidence intervals for the maximum likelihood estimation of the
parameters of a GARCH(1,1) model with GED innovations, using the data set
ApplePrices.

Parameter Confidence Interval

µ 0.0028± 0.0013
104ω 0.0714± 0.1312
β 0.8968± 0.0889
α 0.0817± 0.0680
ν 1.3510± 0.2387

() SSC Worskop June 2, 2015 56 / 167



Using the Matlab function GofGARCHGED, we obtain that P-values
corresponding to the Kolmogorov-Smirnov test statistic (0.6821) and the
Cramér-von Mises statistic (0.0549) are respectively 19.3% and 30.9%.

Here, N = 1000 bootstrap samples of a GARCH were simulated to
estimate the P-values. Hence the null hypothesis of a GARCH(1,1) model
with GED innovations is not rejected.

As an illustration, the empirical process Dn is displayed in Figure 5 and it
lies totally within the uniform 95% band around the uniform distribution
function D.
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Figure 5: Empirical distribution Dn and uniform 95% confidence band around D.
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What we have done here for GED innovations can be easily repeated with
other models with innovations εi ∼ Fθ.

For the estimation of the parameters, including θ, one should use
maximum likelihood, while goodness-of-fit tests should be based on the
empirical distribution function of the pseudo-observations un,i = Fθ̂(ei ),
i ∈ {1, . . . , n}.

To compute P-values, one should use parametric bootstrap. See, e.g.
Rémillard (2011).
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Serial independence

Contrary to the claim in Hull (2006, Chapter 19), the Ljung-Box statistic

n(n + 2)
K∑

k=1

r 2
k

n − k
,

where the rk are the autocorrelation of order k computed from the
pseudo-observations e2

r+1, . . . , e
2
n , is not a valid test for checking the

hypothesis of serial independence for the innovations, since its limiting
distribution is not a chi-square distribution with K degrees of freedom.
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Tests based on autocorrelations

There is a vast literature on tests of serial independence / randomness for
ARMA(p,q) models, corresponding to the homoscedastic case σi ≡ σ.
Many tests are based on autocorrelations rn,k of the lagged residuals:

rn,k =
1

n

n∑
i=1

en,ien,i−k , k ∈ {1, . . . , `}.

Example: The Box-Pierce test

Qn,` = n
∑̀
k=1

r 2
n,k .

When p = q = 0, Qn,`  Qm ∼ χ2
` .

However, when p = 1 and q = 0, E (Q`) = `− 1 + φ2`.
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Squared residuals

To overcome this problem, McLeod and Li (1983) proposed to use the
Box-Pierce test applied to the squared residuals:

r?n,k =
1

n

n∑
i=1

(e2
n,i − 1)(e2

n,i−k − 1), k ∈ {1, . . . , `}.

They showed that the limiting distribution depends only on the kurtosis of
the innovations, not the estimated parameters.
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Extension to GARCH models

All test are based on quadratic forms.

For Gaussian innovations and MLE, Li and Mak (1994) showed that
√

n r?n =
√

n
(

r?n,1, . . . , r
?
n,`

)
 N (0,D?).

Ling and Li (1997) studied
√

n rn =
√

n (rn,1, . . . , rn,`) and√
n r?n ∼ N(0,D?) for FARIMA-GARCH models with Gaussian

innovations.

Berkes et al. (2003) extended Li and Mak (1994) for general
innovations, using QMLE. However, they assumed that µi ≡ 0.

Iqbal (2013) obtained similar asymptotic results for GJR models,
using M-estimation.
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Wong and Ling (2005), Zhu (2013) considered tests based on
autocorrelations of the absolute value of the residuals.

Andreou and Werker (2015) considered rank-based tests of functions
of the residuals, but were only interested in Box-Pierce type tests
obtained from rank-based measures of serial dependence; they did not
try to use corrected versions of their statistics.
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Tests based on empirical processes

Tests based on statistics Kn(x1, . . . , xd)−
∏d

j=1 Fn(xj), where

Kn(x1, . . . , xd) =
1

n

n∑
i=1

d∏
j=1

I(en,i+1−j ≤ xj)

and Fn(x1) = Kn(x1,∞, . . . ,∞) = 1
n

∑n
i=1 I(en,i ≤ x1).

(IID case) Blum et al. (1961), Skaug and Tjøstheim (1993) and
Delgado (1996).

Ghoudi et al. (2001) and Genest and Rémillard (2004) proposed to
use the Möbius decomposition instead.

Their results were extended to residuals of ARMA(p,q) models in
Ghoudi and Rémillard (2014).

The limiting distribution is not distribution free.
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Notations

µ̇i and σ̇i denote the derivatives of µi respectively σi with respect to the
parameters θ.

γ0,i = µ̇i/σi , γ1,i = σ̇i/σi .
Θn =

√
n (θn − θ).

Further set Wn = 1√
n

∑n
i=1 Wi , and W̃n = n−1/2

∑n
i=1 W̃i , where

Wi = −γ0,i
f ′(εi )
f (εi )

− γ1,i

{
εi

f ′(εi )
f (εi )

+ 1
}

and W̃i = γ0,iεi + γ1,i (ε
2
i − 1),

i ∈ {1, . . . , n}.

Assume that E (ε4
i ) <∞.
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Estimation of parameters

Under additional assumptions, one can use the central limit theorem for
martingales differences (Durrett, 1996) to obtain that

Wn  W ∼ N(0, IW ), and W̃n  W̃ ∼ N(0, J̃ ), where

J̃ = J00 + d0(J01 + J10) + d2
1 J11, (10)

with d0 = E
{
ε3
}

, and d2
1 = E

{
(ε2 − 1)2

}
.

If θ is estimated by MLE, then Θ = I−1
W W.

If θ is estimated by QMLE, then Θ = J −1W̃, where J = J00 + 2J11.
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Theorem

Under (A1)–(A7) and the null hypothesis of randomness, Kn  K, where
K = B ◦ F + Θ>Γ ◦ F, with

Γ(u) = −E {B(u)W} , u ∈ [0, 1]d .

B ◦ F is the limiting process obtained with the innovations instead of
residuals.
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Empirical copula

In testing for randomness, it is often desired to treat the marginal
distribution as a nuisance parameter and develop tests based on the
empirical serial copula process Dn =

√
n (Dn − Π), where Π(u) =

∏d
j=1 uj

is the independence copula, and Dn is the empirical copula defined, for
u = (u1, . . . , ud) ∈ [0, 1]d , by

Dn(u) =
1

n

n∑
i=1

d∏
j=1

I(un,i+1−j ≤ uj),

where un,i =
Rn,i

n+1 , and Rn,i is the rank of en,i amongst en,1, . . . , en,n, i ≥ 1.
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Corollary

Under (A1)–(A7), Dn  D, where

D(u) = C(u) + Θ>

Γ(u)−
1∑

l=0

d∑
j=1

gl(uj)γ l

∏
k 6=j

uk

 ,

and where C(u) = B(u)−
∑m

j=1 β(uj)
∏

k 6=j uk .

Note that C, defined as the limit of the empirical serial copula process of
innovations, was first studied in Genest and Rémillard (2004).
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Möbius decomposition

Tests of randomness based on Dn are not very tractable and not as
powerful as one should like.

Ghoudi et al. (2001) and Genest and Rémillard (2004) showed that easier
to handle and more powerful tests of independence are obtained if one
uses the so-called Möbius decomposition.

This decomposition is defined by the processes

Dn,A(u) =
1√
n

n∑
i=1

∏
j∈A
{I (un,i+1−j ≤ uj)− uj} ,

indexed by

A ∈ Id = {B ⊂ {1, . . . , d}, B 3 1 and |B| > 1},

with |B| denoting the number of elements in B.
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Corollary

Under assumptions (A1)–(A7) and the null hypothesis of randomness,
{Dn,A}A∈Id  {DA}A∈Id , where

DA = BA + Θ>ΓA, A ∈ Id ,

and ΓA(u) = −E{BA(u)W}, for all u ∈ [0, 1]d .

The processes BA, A ∈ Id are independent, with

E{BA(u)BA(v)} =
∏
j∈A
{min(uj , vj)− ujvj}, u, v ∈ [0, 1]d .
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Empirical processes of the squared residuals

Replacing en,i by e2
n,i in Kn, set K?

n =
√

n (K ?
n − K ?), where for any

y = (y1, . . . , yd) ∈ [0,∞]d ,

K ?
n (y) =

1

n

n∑
i=1

d∏
j=1

I
(
e2
n,i+1−j ≤ yj

)
, K ?(y) =

d∏
j=1

F ?(yj).

As a corollary to the Theorem, convergence results hold for K?
n, the

associated copula process D?n and its Möbius decomposition D?A, A ∈ Id .

The asymptotic behavior of Dn,A and D?n,A depends in general on the
unknown underlying parameter and the unknown distribution function.

One then needs to use resampling techniques in order to approximate
P-values of test statistics based on these processes.
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Estimations

Set γn,0,i = µ̇i (θn)/σi (θn), γn,1,i = σ̇i (θn)/σi (θn), and define

W̃n,i = γn,0,ien,i + γn,1,i (e2
n,i − 1), ζn,i = J −1

n W̃n,i , i ≥ 1,

where Jn = Ĵn,00 + 2Ĵn,11.

Multipliers principle: If ξ1, . . . , ξn are i.i.d. with mean zeros and variance

one, and if 1
n

∑n
i=1 a2

n,i
Pr→ σ2, then

1

n1/2

n∑
i=1

(ξi − ξ̄)an,i
mixing
 N(0, σ2).

() SSC Worskop June 2, 2015 74 / 167



Multipliers technique

To bootstrap Dn,A and D?n,A using the multipliers method: For
k ∈ {1, . . . ,N},

• generate a sequence of i.i.d. mean zero and variance one random

variables ξ
(k)
i , i = 1, . . . , n.

• Compute

Θ
(k)
n =

1

n1/2

n∑
i=1

(
ξ

(k)
i − ξ̄(k)

)
ζn,i

B(k)
n,A(u) =

1

n1/2

n∑
i=1

(
ξ

(k)
i − ξ̄(k)

)∏
j∈A
{I(un,i+1−j ≤ uj)− uj},

D(k)
n,A(u) = B(k)

n,A(u) + Γn,A(u)>Θ
(k)
n .

One proceeds the same way for B(?,k)
n,A and D(?,k)

n,A .
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Proposition

Under assumptions (A1)–(A7) and the null hypothesis of randomness,

(i) The random vectors Θ
(k)
n , k ∈ {1, . . . ,N}, converge to independent

copies of Θ.

(ii) The processes B(k)
n,A and B(k,?)

n,A , k ∈ {1, . . . ,N}, converge to
independent copies of BA and B?A.

(iii) the processes D(k)
n,A and D(k,?)

n,A , k ∈ {1, . . . ,N}, converge to
independent copies of DA and D?A.

(ii) shows that one must be careful when using the multipliers with
pseudo-observations.
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Metatheorem for dependence measures

Suppose ρn,k and ρ?n,k are dependence measures computed from the

pseudo-observations (en,i , en,i−k) and
(

e2
n,i , e

2
n,i−k

)
.

The measures include Pearson correlation and rank-based measures such
as Spearman’s rho, Kendall’s tau, van der Waerden coefficient.

Metatheorem

Then, under assumptions (A1)–(A7) and the null hypothesis of
randomness,

√
n ρn =

√
n (ρn,1, . . . , ρn,`) ρ ∼ N(0,D) and√

n ρ?n  ρ? ∼ N(0,D?).

In addition, if Dn and D?n are consistent estimators of D and D?, then
Qn = nr>n D−1

n rn  χ2
` and Q?

n = nr?n
>(D?n)−1r?n  χ2

` .

Dn and Dn can be easily estimated.
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Cramér-von Mises statistics

The proposed statistics are

Sn,A =

∫
{Dn,A}2 (u) du, S?n,A =

∫ {
D?n,A

}2
(v) dv.

The multipliers method yields

S̃
(k)
n,A =

∫ {
D̃(k)
n,A

}2
(u)du, S̃

(?,k)
n,A =

∫ {
D̃(?,k)
n,A

}2
(v)dv.

The P-values of Sn,A and S?n,A are then estimated by

P̂n,A = N−1
N∑

k=1

I
(

S̃
(k)
n,A > Sn,A

)
and

P̂?
n,A = N−1

N∑
k=1

I
(

S̃
(?,k)
n,A > S?n,A

)
.
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Combining Cramér-von Mises statistics

If the limiting distributions of {Sn,A; A ∈ Id} were independent, as in
Genest and Rémillard (2004), then one could use the Fisher statistic

−2
∑

A∈A log
(

P̂n,A

)
, yielding an optimal way to combine independent

statistics (Littell and Folks, 1973).

Since this is not the case here, we propose to use the following statistics
that are nearly optimal anyway:

Ln =
∑
A∈A

Sn,A, Ln,2 =
∑

A∈A,card(A)=2

Sn,A,

L?n =
∑
A∈A

S?n,A, L?n,2 =
∑

A∈A,card(A)=2

S?n,A.
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Conclusion

Numerical experiments on some GARCH models show that the proposed
statistics can sometimes perform much better than the available statistics
based on autocorrelations of the residuals or the squared residuals.
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Option pricing (Duan, 1995)

In Duan (1995), the author studied option pricing when the daily returns
of the underlying asset are modeled by a special case of NGARCH model,
called a GARCH-M.

More precisely, he assumed that the returns Xi of the daily prices Si satisfy

Xi = ln(Si )− ln(Si−1) = rp + λσi −
1

2
σ2
i + σiεi , (11)

where rp is the daily risk-free rate, and σiεi ∼ GARCH(p, q), i.e., the
conditional distribution of εi given Fi−1 is standard Gaussian, and

σ2
i = α0 +

q∑
j=1

αjσ
2
i−jε

2
i−j +

p∑
j=1

βjσ
2
i−j ,

α0 > 0, αi , βj ≥ 0,
∑

j αj +
∑

j βj < 1.
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The main contribution in Duan (1995) is a criterion to choose an
equivalent martingale measure for option pricing. Note that the choice is
not necessarily optimal.

Definition

A risk neutral measure Q satisfies the LRNVR (locally risk-neutral
valuation relationship) criterion if Q is equivalent to the objective
measure, if the returns are conditionally Gaussian with the same variance,
and if e−rp iSi is a martingale under Q.

In Duan (1995), it is shown that the unique measure Q satisfying the
LRNVR criterion is such that

Xi = ln(Si )− ln(Si−1) = rp −
1

2
σ2
i + σiξi ,

where ξi |Fi−1 ∼ N(0, 1) and

σ2
i = α0 +

q∑
j=1

αiσ
2
i−j (ξi−j − λ)2 +

p∑
j=1

βjσ
2
i−j .
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In fact, for a general GARCH model of the form

Xi = µi + σiεi ,

where the innovations εi are independent and standard Gaussian, and

σi = φ(σi−1, . . . , σi−p, εi−1, εi−q), i > r = max(p, q),

for Q to satisfy the LRNVR criterion, it is necessary and sufficient that

under Q, ξi = εi −
(rp−µi−σ2

i /2)
σi

∼ N(0, 1) and ξi is independent of Fi−1.

() SSC Worskop June 2, 2015 83 / 167



One can obtain such a Q through its definition by the densities

dQ

dP

∣∣∣∣
Fi

=
i∏

j=r+1

e

(rp−µj−σ2
j /2)

σj
εj−

(rp−µj−σ2
j /2)

2

2σ2
j , i > r .

Q is then equivalent to the objective measure since the densities are
strictly positive.

In this case, for i > r , setting ai =
rp−µi−σ2

i /2
σi

∈ Fi−1, we have, for any
u ∈ R,

EQ

(
euξi
∣∣∣Fi−1

)
= E

{
e(u+ai )εi−uai−

a2
i
2

∣∣∣∣Fi−1

}
= e

(u+ai )
2

2
−uai−

a2
i
2 = e

u2

2 .

This proves that under Q, ξr+1, . . . , are standard Gaussian variables and ξi
is independent of Fi−1.
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Next note that

Xi = µi + σiεi = µi + σi (ξi + ai ) = rp −
σ2
i

2
+ σiξi , i > r .

As a result, the returns are conditionally Gaussian, with the same variance
σ2
i with respect to Fi−1.

Finally, since ξi ∼ N(0, 1) is independent of Fi−1, we have, for all i > r ,

e−rpEQ(Si |Fi−1) = E

(
Si−1e−

σ2
i

2
+σiξi |Fi−1

)
= Si−1e−

σ2
i

2 e
σ2
i

2 = Si−1.

This proves that e−rp iSi is a martingale under Q, so Q satisfies the
LRNVR criterion.
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We also have the following representation for the conditional variance:

σi = φ(σi−1, . . . , σi−p, ξi−1 + ai−1, ξi−q + ai−q), i > r = max(p, q),

Going back to the model (11), we have µi = rp + λσi − σ2
i /2, so ai = −λ.

Remark

Once an equivalent martingale measure is chosen, one still has to evaluate
the option. One could use Monte Carlo methods, or one could use fast
approximation methods, as in Duan et al. (2000).
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Monte Carlo method

The idea is simple:

Generate a large number N of values S
(k)
n of Sn under Q

Then an unbiased estimation of the (European) option price C with
payoff C expiring in n days is given by

Ĉ = e−nrf
1

N

N∑
k=1

C
(

S
(k)
n

)
. (12)

An unbiased estimation of the so-called delta of the European call
option with strike K expiring in n days is given by

∂̂sC =
1

s
e−nrf

1

N

N∑
k=1

S
(k)
n I

(
S

(k)
n > K

)
. (13)

Recall that the payoff of the European call option with strike K is
C (s) = max(0, s − K ), while the payoff of the associated put option is
max(0,K − s).
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Hedging

“Hedging”: Construction of a self-financing portfolio to try to generate a
given payoff.

Hedging times: t0 = 0, . . ., tn = T .

Suppose that for k ∈ {0, . . . , n}, Sk represents the values of the underlying
assets at period tk , βk is the discount factor at period tk , and the
information (σ-algebra) available up to period tk is denoted by Fk ; in
particular, Sk is Fk -measurable.

It is assumed that β is predictable, in the sense that βk is
Fk−1-measurable, k ∈ {1, . . . , n}. For simplicity, set
∆k = βkSk − βk−1Sk−1, k ∈ {1, . . . , n}.
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Finally, let (V0,
−→ϕ ) = (V0, ϕ1, . . . , ϕn) be the self-financing strategy,

where V0 is the initial amount invested in the portfolio, and ϕ
(j)
k represents

the number of shares of asset j in the hedging portfolio, during period
[tk−1, tk), j ∈ {1, . . . , d}, k ∈ {1, . . . , n}.

The discounted value Vn of the hedging portfolio at maturity then satisfies

Vn = V0 +
n∑

k=1

ϕ>k ∆k . (14)

Finally, the (discounted) hedging error Gn associated with the strategy
(V0,
−→ϕ ) is given by

Gn = βnC − Vn = βnC − V0 −
n∑

k=1

ϕ>k ∆k , (15)

where C is the payoff at maturity.
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Hedging strategies

There exists many ways to choose the strategy (V0,
−→ϕ ).

Delta hedging: it consists in assuming that the Black-Scholes model
is valid and then use the corresponding ∆ (partial derivatives of the
price with respect to each underlying asset). For the call option, one
can use (13).

Minimize a given loss function of the hedging error Gn. Rémillard and
Rubenthaler (2013) considered a quadratic mean loss function.
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Remark

Except for a very simple model (binomial tree), the hedging error Gn will
never be zero.

In particular, there is no hedging strategy in discrete time so that one can
replicate exactly the value of non-trivial options like European call options.

The famous Black-Scholes formula is obtained by letting the number of
hedging periods tends to infinity in the Black-Scholes model.
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Duan (1995) proposed to use delta hedging based on a risk measure Q
satisfying the LRNVR criterion.

This methodology was proven to be incorrect in Garcia and Renault
(1998).

However, since (Xi , . . . ,Xi−q+1, σi+1, . . . , σi+2−p) is a Markov process,
one could use the optimal hedging methodology of Rémillard and
Rubenthaler (2013) without having to define a LRNVR measure Q.
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Optimal hedging for GARCH type models

Assume that ∆k = βkSk − βk−Sk−1 = βk−1Sk−1ξk , with
ξk = π1(hk−1, εk), and hk = π2(hk−1, εk) with π2 having values in some
set H, and where the innovations εk are independent and identically
distributed with probability law ν.

It is immediate that (Sk , hk) is a Markov process.

Furthermore, almost all known GARCH(1,1) models can be written in that
way.
Suppose that for every given possible h ∈ H, π1(h, y) is not constant ν-a.s.
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Set γn+1 ≡ 1. Using results in Rémillard and Rubenthaler (2013), define
for all k = n, . . . , 1,

Bk(h) =
∫
π2

1(h, y)γk+1 {π2(h, y)} ν(dy),

mk(h) =
∫
π1(h, y)γk+1 {π2(h, y)} ν(dy),

bk(s, h) = mk (h)
sβk−1Bk (h) ,

γk(h) =
∫ {

1− mk (h)
Bk (h)π1(h, y)

}
γk+1 {π2(h, y)} ν(dy).
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Optimal solution

Next, if C = Cn(Sn), then

Ck−1(s, h) =
β1

γk(h)

∫
Ck

[
s

β1
{1 + π1(h, y)}, π2(h, y)

]
×γk+1 {π2(h, y)}

{
1− mk(h)

Bk(h)
π1(h, y)

}
ν(dy),

αk(s, h) =
β1

sBk(h)

∫
Ck

[
s

β1
{1 + π1(h, y)}, π2(h, y)

]
×γk+1 {π2(h, y)}π1(h, y)ν(dy).

Also, ϕk = αk(Sk−1, hk−1)− Vk−1bk(Sk−1, hk−1), k = n, . . . , 1.
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Example

As in Duan (1995), we consider the NGARCH model where
eξk − 1 = r + λ

√
hk−1 − 1

2 hk−1 +
√

hk−1εk , and
hk = α0 + α1hk−1ε

2
k + β1hk−1, with εk ∼ N(0, 1) and parameters

α0 = 1.524× 10−5, α1 = 0.1883, β1 = 0.7162 and λ = 7.452× 10−3.

Under the equivalent martingale measure (EMM) proposed by Duan, we
have eξk − 1 = r +−1

2 hk−1 +
√

hk−1εk and
hk = α0 + α1hk−1(εk − λ)2 + β1hk−1.

We price and hedge a call with strike K = 100 and maturity 30 days using
daily replication, using a grid of 500 points for the asset on [60, 140], while
the grid for the volatility consists in 90 points of the interval
[.00005, .0007]. The annual rate is 0%.
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In what follows, delta hedging means delta hedging using the
Black-Scholes formula, while Duan’s methods consists in picking his
suggested EMM and taking the delta of the option.

The value of the option and the initial number of asset are displayed in
Figure 6.

The descriptive statistics of 10000 hedging errors are given in Table 4 for
the three hedging methodologies, showing that the errors are more
concentrated about 0 for the optimal hedging.
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Figure 6: Optimal hedging call option value C0 and initial investment strategy φ1

for the NGARCH model with 30 periods.
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Table 4: Statistics of hedging errors (Payoff-Portfolio) for the NGARCH model.

Stats Optimal Delta Duan

Average -0.0159 -0.0954 0.0085
Median -0.1549 -0.2094 -0.1297
Volatility 0.8568 0.8951 0.9032
Skewness 1.7205 2.7558 2.9171
Kurtosis 10.5790 29.3709 29.9947
Minimum -1.9966 -2.2302 -2.0789
Maximum 9.9114 17.4873 17.7232
VaR(99%) 2.7698 2.8613 3.0831
VaR(99.9%) 5.4893 6.3574 6.5070
RMSE 0.8569 0.9001 0.9033
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Continuous Time Limit

Usually in financial engineering, one deals with continuous time models.

Are the discrete time GARCH models approximations of continuous time
models?

Duan (1997) answered positively to this question.
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GARCH(1,1)-M model

For example, take a sequence of simple GARCH(1,1)-M models Xn with

parameters µn,i = µ
n + λ√

n
σn,i −

σ2
n,i

2 , ωn = ω/n2, αn = α/
√

n and

βn = 1− κ/n − αn, κ > 0, with σn,i =
√

Vn,i/n.

Then

Xn,i =
µ+ λ

√
Vn,i − Vn,i/2

n
+
√

Vn,i
εi√

n
, (16)

Vn,i = Vn,i−1 +
ω − κVn,i−1

n
+ αVn,i−1

(ε2
i−1 − 1)
√

n
, (17)

where γ2 = E
(
ε4
i

)
is the kurtosis of εi .
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Further set ln{Sn(t)} =
∑bntc

i=1 Xn,i , where buc is the largest integer not
larger than u.

It then follows that if Vn(t) = Vn,bntc, then the sequence of processes
(Sn,Vn) converge in law to a continuous diffusion process (S ,V ) solving
the stochastic differential equation

dS(t) =
{
µ+ λ

√
V (t)

}
S(t)dt + S(t)

√
V (t) dZ1(t), (18)

dV (t) = κ
{ω
κ
− V (t)

}
dt + (γ2 − 1)1/2αV (t)dZ2(t), (19)

where Z1 and Z2 are correlated Brownian motions with correlation
ρ = γ1√

γ2−1
, γ1 = E

(
ε3
i

)
being the skewness coefficient of εi .
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In particular, in the case considered in Duan (1995), the innovations εi are
Gaussian, so γ1 = 0, γ2 = 3, and ρ = 0.

Hence

dS(t) =
{
µ+ λ

√
V (t)

}
S(t)dt + S(t)

√
V (t) dZ1(t),

dV (t) = κ
{ω
κ
− V (t)

}
dt + 21/2αV (t)dZ2(t),

where Z1 and Z2 are independent Brownian motions.
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Note that (17) provides a way to simulate (approximately) this process.

Note also that under the equivalent martingale measure proposed in Duan
(1995), the sequence of processes (Sn,Vn) converge in law to a continuous
diffusion process (S ,V ) solving the stochastic differential equation

dS(t) = rf S(t)dt + S(t)
√

V (t) dZ1(t),

dV (t) = κ
{ω
κ
− V (t)

}
dt + 21/2α V (t)dZ2(t),

where Z1 and Z2 are independent Brownian motions, and rf is the risk-free
rate.

As we will see in the next section, this is a particular case of the
Hull-White model.

In Duan (1997), the continuous time limit of the Augmented GARCH
models is also studied, leading to a more general class of stochastic
volatility models.
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A New Parametrization

Equations (16) to (19) suggest the following parametrization for the daily
returns modeled by a GARCH(1,1) model:

Xi = µh + σiεi ,

σ2
i = ωh2 +

(
1− κh − α

√
h
)
σ2
i−1 + α

√
h σ2

i−1ε
2
i−1,

where h = 1/252.

With this new parametrization, using Tables 2 and 3, we would get new
parameters, expressed on a annual time scale.

These parameters are given in Table 5.

() SSC Worskop June 2, 2015 105 / 167



Table 5: Estimation of the parameters of Apple on an annual time scale, using
Gaussian and GED innovations.

New Parameter Estimation
Gaussian GED

µ 0.8177 0.7011
ω 0.8608 0.4531
κ 10.5707 5.4191
α 1.3986 1.2971
ν 2.0000 1.3510
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Since γ2 = 4.1651 for the GED with ν̂ = 1.351, it follows that the value S
of Apple, for 2009-2011, could be modeled, on an annual time scale, by a
stochastic volatility model of the form

dS(t) = .7011S(t)dt + S(t)
√

V (t) dZ1(t),

dV (t) = {.4531− 5.4191V (t)} dt + 2.23075V (t)dZ2(t),

where Z1 and Z2 are independent Brownian motions.

It is worth noting that ω
κ , which was previously related to the long term

average of the conditional variance, is still interpreted as the long term
average of V , while κ is the mean reversion rate.
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Stochastic volatility models

In Hull and White (1987), the authors proposed to model assets using a
stochastic volatility model of the form

dS(t) = φ{S(t),V (t), t}S(t)dt +
√

V (t)S(t)dW (t)

dV (t) = µ{V (t), t}V (t)dt + ξ{V (t), t}V (t)dZ (t)

where W and Z are two correlated Brownian motions with correlation ρ.

Such models arise from the continuous time limit of GARCH processes.

Note that the hypothesis ρ = 0 could be justified from the approximation
by GARCH models in which the innovations are Gaussian, GED, or have
skewness 0.
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Market price of volatility risk

The value of any option based on the underlying S depends on a common
deterministic function λ = λ(s, v , t) called here the market price of
volatility risk.

In fact, one can show that the value at time t of an option with payoff
Φ{S(T )} at maturity T is C{t,S(t),V (t)}, where C satisfies the
following partial differential equation:

rf C =
∂C

∂t
+ rf s

∂C

∂s
+ (µv − λ)

∂C

∂v

+
1

2
vs2∂

2C

∂s2
+

1

2
ξ2v 2∂

2C

∂v 2
+ ρξsv 3/2 ∂

2C

∂v∂s
, (20)

with boundary condition C (T , s, v) = Φ(s).

Here, rf is the risk-free rate, assumed to be deterministic.
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Note that the process V is not observable, so even if we have an explicit
expression for C , we need a way to predict V .

This is the kind of problem that can be solved using filtering.

One could also find a GARCH-type approximation and replace V by a
function of the stochastic volatility σ.
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Expectations vs Partial Differential Equations

For a twice continuously differentiable function f , set

Lt f (x) =
d∑

j=1

bj(t, x)∂xj f (x) +
1

2

d∑
j=1

d∑
k=1

Ajk(t, x)∂xj∂xk f (x).

The following result, called the Feynman-Kac formula, is the essential
formula relating the solution of (20) to an expectation of a diffusion
process under an equivalent martingale measure.
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Proposition (Feynman-Kac Formula)

Under weak conditions, we can show that the solution to the partial
differential equation

∂tu(t, x) + Ltu(t, x) = rf (t)u(t, x), t ∈ (0,T ), u(T , x) = Φ(x),

is given by

u(t, x) =
B(t)

B(T )
E [Φ{X (T )}|Ft ,Xt = x ],

where B(t) = exp

{∫ t

0
rf (s)ds

}
and Xt is a diffusion “satisfying” the

stochastic differential equation

dXj(t) = bj{t,X (t)}dt +
d∑

k=1

σkj{t,X (t)}dWk(t),

where A = σ>σ and where W1, . . . ,Wd are independent Brownian
motions.
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Instead of assuming the strong condition that Xt satisfies a stochastic
differential equation, it is sufficient to suppose that X is a stochastic
process so that for any function f that is smooth enough,

f {t,X (t)} −
∫ t

0
[∂uf {u,X (u)}+ Luf {u,X (u)}]du

is a martingale.

In this case, the law of X is said to be the solution of the martingale
problem associated with the operator L, called an infinitesimal generator.

Note that the operator does not depend on σ but only on A = σσ>, so
there can be in general an infinite number of σ yielding the same law.
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Option Price as an Expectation

It follows from the Feynman-Kac formula that if C (T , s, v) = Φ(s) and

∂C

∂t
+ rf s

∂C

∂s
+ rvv

∂C

∂v
+

1

2
vs2∂

2C

∂s2
+

1

2
ξ2v 2∂

2C

∂v 2
= rf C ,

with rv = µ− λ/v , then

C (t, s, v) = e−rf (T−t)EQ [Φ{S(T )}| Ft ,S(t) = s,V (t) = v ] , (21)

where, under the equivalent martingale measure Q, (S ,V ) now satisfies

dS = rf Sdt +
√

V SdW̃ ,

dV = rvVdt + ξVdZ̃ ,

with W̃ and Z̃ being two Brownian motions with correlation ρ under Q.
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Heston’s model

In Heston (1993), the author studied the evaluation of options for the
following stochastic volatility model:

dS(t) = φ{S(t),V (t), t}S(t)dt +
√

V (t)S(t)dW (t)

dV (t) = κ{θ − V (t)}dt + ξ
√

V (t)dZ (t)

where W and Z are two correlated Brownian motions with correlation ρ.

He also used a linear market price of volatility risk, that is λ(s, v , t) = λv .
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In this case, under the equivalent martingale measure Q, the dynamics are
given by

dS(t) = rf S(t)dt +
√

V (t)S(t)dW (t)

dV (t) = [κ{θ − V (t)} − λ] dt + ξ
√

V (t)dZ (t)

where W and Z are two correlated Brownian motions with correlation ρ.
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Setting S(T ) = S(t)eXt,T , it is then easy to show that the value at time t
of a call option of S with strike price K at maturity T is given by

C (s, v , t,T ) = e−rf (T−t)EQ [max {0, S(T )− K} |Ft ,S(t) = s,V (t) = v ]

= sEQ

[
eXt,T−rf (T−t)I {Xt,T > ln(K/s)} |Ft

]
−Ke−rf (T−t)Q {Xt,T > ln(K/s)}

= sQ̃ {Xt,T > ln(K/s)} − Ke−rf (T−t)Q {Xt,T > ln(K/s)} ,

where Q̃ is the probability distribution of Xt,T with density eXt,T−rf (T−t)

with respect to Q.
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If φu(t, x , v) is the characteristic function of Xt,T given Ft under Q, then
the characteristic function φ̃u(t, x , v) of Xt,T under Q̃ would be

φ̃u(t, x , v) = φu−i (t, x , v)e−rf (T−t).

It follows that φu(t, x , v) satisfies the partial differential equation

0 =
{

iu(rf − v/2)− vu2/2
}
φu + ∂tφu

+(rf − v/2 + iuv)∂xφu + (µ− λ+ iuρσ
√

v)∂vφu

+
1

2

{
v∂2

xφu + 2ρσ
√

v∂x∂vφu + σ2∂2
vφu
}
,

with the boundary condition φu(T , x , v) ≡ 1.
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As a result, φu−i satisfies φu−i (T , x , v) ≡ 1 and

0 =
{

iu(rf + v/2)− (vu2/2− rf )
}
φu−i + ∂tφu−i

+(rf + v/2 + iuv)∂xφu−i

+(µ− λ+ ρσ
√

v + iuρσ
√

v)∂vφu−i

+
1

2

{
v∂2

xφu−i + 2ρσ
√

v∂x∂vφu−i + σ2∂2
vφu−i

}
.

If we can solve those two equations, then using the Gil-Pelaez formula
(Gil-Pelaez, 1951), we can compute the two probabilities.

In Heston (1993), the author solved the above equation and was able to
compute the associated characteristic functions. See Heston (1993) for
more details.

See also Carr and Madan (1999) for a review of the use of characteristic
functions in option pricing.
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Copulas and time series

In most articles so far in Actuarial Science, Economics and Finance,
serial dependence is ignored when copulas are used in to model
dependence between time series.

When serial dependence is taken into account (van den Goorbergh
et al., 2005, Chen and Fan, 2006, Patton, 2006, Guégan and Zhang,
2010), it is usually through dynamic models, and copula are used to
model the dependence between innovations.

Patton (2006) also considered more general models, called conditional
copulas. See also Yi and Liao (2010) and Fermanian and Wegkamp
(2010).

The notion of time-varying dependence is quite appealing, but there
are many sensitive issues to address: inference, non-stationarity,
relationship between parameters and exogenous variables.
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Serial Dependence

In practice, we often have to deal with serial dependence in time series.
For example, many authors consider GARCH type models of the form

Xij = µij(α) + σij(α)εij , j ∈ {, . . . , d}, i ≥ 1, (22)

where the innovations εi = (εi1, . . . , εid) are independent, and εi ∼ H, with
continuous margins F1, . . . ,Fd (such as standard Gaussian) and with a
copula C that does not depend on the conditional mean and variance
parameter α.

Recall that the copula C is linked to H and F1, . . . ,Fd viz.

H(x1, . . . , xd) = C {F1(x1), . . . ,Fd(xd)} , x1, . . . , xd ∈ R.
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Using residuals

First, α is estimated by α̂n and residuals eij =
Xij−µij (α̂n)
σij (α̂n) are computed.

For a large class of such models, Chen and Fan (2006) showed that using
these residuals does not affect the estimation of the copula parameters.

More recently, it was also proven (Rémillard, 2010) that the nonparametric
estimation of the copula was not affected.

Neither are the estimation of Kendall tau, Spearman rho, and van der
Waerden rho.

Remark

It means that for a large class of stochastic volatility models, one can use
the residuals and treat them as if they were independent observations from
copula C .
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Implementation of a copula model

To implement a copula model for a (stationary) multivariate times series
one should always start by looking at serial dependence for each individual
series.

There exists powerful nonparametric tests to detect the lack of stationarity.

A univariate change point test is implemented in the Matlab function
TestChangePoint, while the change point test for the copula is
implemented in the Matlab function TestChangePointCopula.

If the null hypothesis of stationarity is not rejected for the margins and for
the copula, then one can proceed with the copula modeling, using the
residuals.

A common practice is to estimate the parameters and perform tests of
goodness-of-fit on several models.
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Change point tests

For testing stationarity for a univariate time series, using either the series
or the residuals estimating the innovations of a dynamic model, one could
use the Kolmogorov-Smirnov statistic

Tn = Tn(e1, . . . , en) =
1√
n

max
1≤k≤n

max
1≤i≤n

∣∣∣∣∣∣
k∑

j=1

I(ej ≤ ei )− kFn(ei )

∣∣∣∣∣∣ ,
where Fn(x) = 1

n

∑n
i=1 I(ei ≤ x).

Here e1, . . . , en are the observations or the residuals.
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The null hypothesis is that all the observations (respectively the
innovations) have the same distribution, and the alternative hypothesis is
that there is at time τ , such that X1, . . . ,Xτ have the same distribution
G1, while Xτ+1, . . . ,Xn have distribution G2 6= G1.

Then one can show that under the null hypothesis, Tn converges in law to
a parameter free distribution.

To estimate the P-value associated with Tn, one can use the following
algorithm.
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Algorithm

For k = 1 to N, N large (say N = 1000), do the following:

Generate independent uniformly distributed random variables

U
(k)
1 , . . . ,U

(k)
n .

Compute T (k)
n = Tn

(
U

(k)
1 , . . . ,U

(k)
n

)
.

The P-value can be estimated by

1

N

N∑
k=1

I
(
T (k)
n > Tn

)
.

This change point test is implemented in the Matlab function
TestChangePoint.
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Change point test for the copula

According to Rémillard (2012), for detecting a change point in the copula,
one begins first by trying to detect a change point in each univariate series.

If the null hypotheses are not rejected, then one can base the change point
test for the copula on the Kolmogorov-Smirnov statistic

Hn(e1, . . . , en) =
1√
n

max
1≤k≤n

max
1≤i≤n

∣∣∣∣∣∣
k∑

j=1

I(ej ≤ ei )− kHn(ei )

∣∣∣∣∣∣ ,
where Hn(x) = 1

n

∑n
i=1 I(ei ≤ x).

Here e1, . . . , en are the multivariate observations or residuals.

() SSC Worskop June 2, 2015 127 / 167



Under the null hypothesis of stationarity, i.e., all observations or
innovations have the same continuous distribution H, the statistic Hn

converges in law to a random variable H, whose distribution depends on
the unknown copula C of H.

The problem of calculating a P-value seems impossibly difficult, but it can
be solved with the multipliers methodology, as proposed in Rémillard
(2012).

The algorithm is described next.
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Algorithm

For k = 1 to N, N large (say N = 1000), do the following:

Generate independent standard Gaussian random variables

ξ
(k)
1 , . . . , ξ

(k)
n .

Compute

H(k)
n =

1√
n

max
1≤k≤n

max
1≤i≤n

∣∣∣∣∣∣
k∑

j=1

ξ
(k)
j {I(ej ≤ ei )− Hn(ei )}

∣∣∣∣∣∣ .
The P-value can be estimated by

1

N

N∑
k=1

I
(
H(k)

n > Hn

)
.

This test is implemented in the Matlab function TestChangePointCopula.
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Example

As an illustration of the implementation, consider the returns of Apple and
Microsoft, from January 14th, 2009, to January 14th, 2011.

These data are available in the programs of Chapter 1 (ApplePrices) and
Chapter 2 (MicrosoftPrices).
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First steps

Stationarity: Using the Matlab function TestChangePoint with the
returns of Apple, the P-value is 10.5%, while for the returns of
Microsoft, the P-value of the test is 3.49%, which could lead to the
rejection of the hypothesis of stationarity.

Serial Independence: Using the Matlab function SerIndGRTest with
p = 6, and N = 1000, the null hypothesis of serial independence was
rejected for the returns of Apple ( 0% p-value). It is also rejected for
Microsoft (0% p-value).

Serial dependence must be taken into account.
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Figure 7: Dependogram for Microsoft returns
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Modeling Serial Dependence

To model serial dependence, we try to fit the simplest model, i.e., a
GARCH(1,1) model with GED innovations, since we know from the results
of Example 3 that the hypothesis of GED innovations was not rejected for
the returns of Apple.

The estimated parameters for both series are given in Table 6.

As shown in Figure 8, the autocorrelations of the residuals look nice
enough.

() SSC Worskop June 2, 2015 133 / 167



Table 6: 95% confidence intervals for the parameters of GARCH(1,1) models with
GED innovations, applied to the returns of Apple and Microsoft.

Series
Parameter Apple Microsoft

µ 0.0028± 0.0013 0.0015± 0.0016
105ω 0.7135± 1.3121 0.6264± 0.7671
β 0.8968± 0.0889 0.9023± 0.0678
α 0.0817± 0.0680 0.0755± 0.0615
ν 1.3510± 0.2387 1.1342± 0.1816
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Figure 8: Autocorrelograms of the residuals of GARCH(1,1) models for Apple
(panel a) and Microsoft (panel b).
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Change point tests for the residuals

This time the P-values are large enough: 67.7% for the residuals of Apple
and 11.9% for the residuals of Microsoft.

For the change point test on the copula, one obtains a P-value of 95%.
Therefore one cannot reject the hypothesis stationarity.
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Goodness-of-fit for the distribution of innovations

We test the null hypothesis that the innovations are GED, using the
Matlab function GofGARCHGED.

The results are displayed in Table 7. There is not sufficient evidence to
reject the hypothesis of GED innovations.

The empirical distribution functions used for the Kolmogorov-Smirnov
tests are displayed in Figures 9–10. They are both within the 95%
confidence band of the uniform distribution.

Table 7: Tests of the hypothesis of GED innovations. The P-values were
computed with N = 1000 bootstrap samples.

Apple Microsoft
CVM KS CVM KS

Test .0549 .6821 .0938 .7991
P-value (%) 29.5 18.0 8.3 7.3
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Figure 9: Empirical distribution function Dn and 95% confidence band about the
uniform distribution function for the innovations of Apple.
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Figure 10: Empirical distribution function Dn and 95% confidence band about the
uniform distribution function for the innovations of Microsoft.
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Modeling dependence between innovations

The last step is to try for fit a model of dependence between the
innovations of the GARCH processes used for the returns of Apple
and Microsoft.

To this end, one should always test for independence, i.e., the copula
C of the innovations (εi1, εi2) is C⊥.

If this hypothesis is rejected, then one can try more complicated
models.
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Test of independence for the innovations

Here the null hypothesis is H0 : C = C⊥.

Computing the P-value of the test of independence based on Kendall
tau, we find a 0 P-value, and a 95% confidence interval for τ is
τ = .34± .06.

In fact, the P-values are all four tests computed with EstDep is 0.

Using the Matlab function IndGRTest one can also test the null
hypothesis of independence. The P-value is 0%, computed with
N = 1000 iterations.
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Kendall function

Recall that (X1,X2) ∼ H, with continuous margins F1 and F2, and copula
C .

Also U1 = F1(X1) and U2 = F2(X2). Set

V = H(X1,X2) = C{F1(X1),F2(X2)} = C (U1,U2) ∈ [0, 1].

Then the law of V does not depend on the margins and its distribution
function K , defined by

K (t) = P(V ≤ t), 0 ≤ t ≤ 1,

is called the Kendall function.

Its expectation is related to a measure of dependance called Kendall tau.
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Estimation of Kendall function

To estimate K , Genest and Rivest (1993) proposed to compute first the
pseudo-observations

V̂i = Card{j ; Xj1 < Xi1 and Xj2 < Xi2}/(n − 1)

= Card{j ; Rj1 < Ri1 and Rj2 < Ri2}/(n − 1)

= Card{j ; Ûj1 < Ûi1 and Ûj2 < Ûi2}/(n − 1)

=
n

n − 1

{
Cn

(
Ûi1, Ûi2

)}
− 1

n − 1
≈ Vi = C (Ui1,Ui2), i ∈ {1, . . . , n}.

Here, Ûij = Rij/(n + 1).

Then the estimation of K is the empirical distribution function of these
pseudo-observations, namely,

Kn(t) = Card{i ; V̂i ≤ t}/n, t ∈ [0, 1]. (23)
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Goodness-of-fit based on the Kendall function

Since K and Kn are univariate functions, they can be compared graphically.

Comparing Kn and K can also be a way of choosing the best copula model
(Genest et al., 2006).

The Matlab function Pseudos can be used to compute the
pseudo-observations Û1, . . . , Ûn and V̂1, . . . , V̂n.

It can be shown (Barbe et al., 1996) that under smoothness conditions on
the density of K ,

√
n (Kn − K ) K, where K is a continuous centered

Gaussian process on [0, 1].

The covariance of the process is in general quite complicated, except when
C is the independence copula, for which

Cov {K(s),K(t)} = s {t − 1− ln(t)} , 0 ≤ s ≤ t ≤ 1.
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Goodness-of-fit for the copula of the innovations

In order to eliminate sone copula families, we first use the empirical
Kendall function for testing the adequation of the Ali-Mikhail-Haq (AMH),
Clayton, Frank, and Gumbel copula families.

The results of the tests are given in Table 8, where the P-values of the
Cramér-von Mises (Sn) and Kolmogorov-Smirnov (Tn) tests based on Kn

were computed using N = 1000 parametric bootstrap replications.

Figures 11–12 also illustrate why we do not reject the null hypothesis for
the Kolmogorov-Smirnov tests for both Clayton and Ali-Mikhail-Haq
families.
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According to these results, the “best” model would be an Ali-Mikhail-Haq
copula, followed by the Clayton copula.

Note that the parameter θ of the Ali-Mikhail-Haq copula is almost 1,
indicating that it is no significantly different from a Clayton copula with
parameter 1, corresponding to a Kendall tau of 1/3.

As an indication, a 95% confidence interval for Kendall τ is τ = .34± .06.
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Figure 11: 95% confidence band about KAMH .
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Table 8: Tests of goodness-of-fit based on the Cramér–von Mises (Sn) and
Kolmogorov–Smirnov (Tn) statistics computed with Kn. N = 1000 bootstrap
samples were generated.

Model θ̂ Sn 95% Quantile P-value (%)
Tn

A-M-H 0.972 0.1066 0.2020 25.7
0.7698 1.0512 36.0

Clayton 0.885 0.1142 0.1633 12.8
0.8656 0.9754 11.8

Frank 0.030 0.3645 0.1266 0
1.2940 0.8708 0

Gumbel 0.690 0.5913 0.1478 0
1.5559 0.9405 0
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Goodness-of-fit test based on the Rosenblatt transform

To each parametric model Cθ corresponds a parametric Rosenblatt
transform Ψθ so that, if U ∼ Cθ, then W = Ψθ(U) ∼ C⊥.

In Genest et al. (2009), it is suggested to compute the empirical
distribution function

Dn(u) =
1

n

n∑
i=1

I(Ŵi ≤ u), u ∈ [0, 1]d ,

where the pseudo-observations Ŵi are defined by Ŵi = Ψθ̂n
(Ûi ),

i ∈ {1, . . . , n}.

Under the null hypothesis, Ŵi ≈Wi ∼ C⊥, so Dn should be compared to
C⊥ and tests of goodness-of fit can be based on statistics of the form
Sn = ψn(Dn), where Dn =

√
n (Dn − C⊥).
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For example, one could take the Cramér-von Mises statistics

S
(B)
n =

∫
[0,1]d

D2
n(u)du

or

S
(C)
n =

n∑
i=1

{
Dn

(
Ŵi

)
− C⊥

(
Ŵi

)}2
.
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Computation of P-Values

Parametric bootstrap can be used to compute P-values for the test, as
described in the following algorithm.

Algorithm

For N large enough and for all k ∈ {1, . . . ,N}, repeat the following steps:

Given θ̂n, generate i.i.d. U
(k)
1 , . . . ,U

(k)
n ∼ Cθ̂n and compute the

pseudo-observations Û
(k)
1 , . . . , Û

(k)
n .

Estimate θ by θ̂
(k)
n = Tn

(
Û

(k)
1 , . . . , Û

(k)
n

)
, compute the new

pseudo-observations Ŵ
(k)
i = Ψ

θ̂
(k)
n

(
Û

(k)
1

)
, and calculate the

associated empirical distribution function

D
(k)
n (u) =

1

n

n∑
i=1

I
(

Ŵ
(k)
i ≤ u

)
, u ∈ [0, 1]d .
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Algorithm (continued)

Compute the statistic S
(k)
n = ψn

(
D(k)
n

)
, where

D(k)
n = n1/2

(
D

(k)
n − C⊥

)
.

An approximative P-value for the test is then given by

1

N

N∑
k=1

I
(

S
(k)
n > Sn

)
.

The goodness-of-fit tests S
(B)
n and S

(C)
n based on the Rosenblatt

transform are implemented in the Matlab function GofRosenCopula for the
Clayton, Gaussian, and Student distribution.
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Example (continued)

Finally, we performed goodness-of-fit tests based on S
(B)
n for the Clayton,

Gaussian and Student copulas, the other models having been rejected by
the test based on the empirical Kendall function.

The reason for choosing S
(B)
n is that it is one of the best goodness-of-fit

tests, being based on the Rosenblatt transform.

The results are given in Table 9 and the P-values were estimated with
N = 1000 parametric bootstrap replications.
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Table 9: Tests of goodness-of-fit based on S
(B)
n , using Rosenblatt transform. The

P-values were estimated with N = 1000 parametric bootstrap replications.

Model Estimated Parameter(s) S
(B)
n P-value (%)

Clayton θ̂ = 0.889 0.0929 0.2

Gaussian ρ̂ = 0.476 0.1255 0.0

Student (ρ̂, ν̂) = (0.51, 3.51) 0.0420 23.9
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First, note that the best model is the Student copula, with a P-value of
24%.

All other models are clearly rejected.

The somewhat surprising result is that the Clayton family is rejected with a
P-value less than 1%, while it was not for tests based on Kendall function.

However, in view of the results on the power of goodness-of-fit tests in
Genest et al. (2009), it is not surprising.

In fact, it was shown that the tests based on the Kendall function have no
power for rejecting the null hypothesis of a Clayton copula, when the true
copula is Student, which seems to be the case here.

Figure 13 illustrates the distribution of the pseudo-observations Ŵi ,
i ∈ {1, . . . , n} when using the Rosenblatt transform on the Student copula.
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Figure 13: Rosenblatt transform of the pseudo-observations using the Student
copula with parameters ρ̂ = 0.51 and ν̂ = 3.51.
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Summarizing our findings, both the returns of Apple and Microsoft can be
modeled by GARCH(1,1) processes with GED innovations.

Moreover, the dependence between the innovations of Apple and Microsoft
can be modeled by a Student copula with 3.5 degrees of freedom and
correlation parameter 0.51, corresponding to a Kendall tau of 0.34,
through the formula τ = 2

π arcsin(ρ).

Note that this is exactly the estimation of Kendall tau.
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